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Compensator design using Bode Plots.



Stability

• A linear, time-invariant system is stable if the natural response

approaches zero as time approaches infinity.

• A linear, time-invariant system is unstable if the natural

response grows without bound as time approaches infinity.

• A linear, time-invariant system is marginally stable if the

natural response neither decays nor grows but remains

constant or oscillates as time approaches infinity.



How to Determine System Stability?

Let us focus on the natural response definitions of stability

• Stable systems have closed-loop transfer functions with poles 

only on the left half-plane.

• If the closed-loop system poles are on the right half of the s-

plane and hence have a positive real part, the system is

unstable.



Stability Determined by TF Poles 



Routh-Hurwitz Stability Criterion

• It is a method for determining continuous system stability.

• The Routh-Hurwitz criterion states that “the number of

roots of the characteristic equation with positive real parts

is equal to the number of changes in sign of the first

column of the Routh array”.



Routh-Hurwitz Stability Criterion

 This method yields stability information without the need to

solve for the closed-loop system poles.

 Using this method, we can tell how many closed-loop system

poles are in the left half-plane, in the right half-plane, and on

the jw-axis. (Notice that we say how many, not where.)

 The method requires two steps:

1. Generate a data table called a Routh table.

2. interpret the Routh table to tell how many closed-loop system

poles are in the LHP, the RHP, and on the jw-axis.



Routh-Hurwitz Stability Criterion

• The characteristic equation of the nth order continuous system can be write as:

• The stability criterion is applied using a Routh table which is defined as; 

• Where                             are coefficients of the characteristic equation.



• First label the rows with powers of s from highest power of s down to lowest

power of s in a vertical column.

• Next form the first row of the Routh table, using the coefficients of the

denominator of the closed-loop transfer function (characteristic equation).

• Start with the coefficient of the highest power and skip every other power of s.

• Now form the second row with the coefficients of the denominator skipped in

the previous step.

• The table is continued horizontally and vertically until zeros are obtained.

• For convenience, any row can be multiplied or divide by a positive constant

before the next row is computed without changing the values of the rows below

and disturbing the properties of the Routh table.

Generating a Basic Routh Table



Routh’s Stability Condition

• If the closed-loop transfer function has all poles in the left half of the s-

plane, the system is stable. Thus, a system is stable if there are no sign

changes in the first column of the Routh table.

• The Routh-Hurwitz criterion declares that the number of roots of the

polynomial that are lies in the right half-plane is equal to the number of

sign changes in the first column. Hence the system is unstable if the poles

lies on the right hand side of the s-plane.



Example: Generating a basic Routh Table.

• Only the first 2 rows of the array are obtained from the characteristic eq. the 
remaining are calculated as follows;



Four Special Cases or Configurations in the 
First Column Array of the Routh’s Table:

1. Case-I: No element in the first column is zero.

2. Case-II: A zero in the first column but some other elements of the row

containing the zero in the first column are nonzero.

3. Case-III: A zero in the first column and the other elements of the row

containing the zero are also zero.

4. Case-IV: As in the third case but with repeated roots on the jw -axis.



Case-I: No element in the first column is zero.

Second-Order System.

The characteristic polynomial of a second order system is given below

The Routh array is written as

Where

The requirement for a stable second order system is simply that all the 
coefficient be positive  or  all the coefficient s be negative.



Third-Order System.

The characteristic polynomial of a third order system is given below

The Routh array is 

Where

• The requirement for a stable third order system is that the coefficients be 
positive and 

• The condition when                     results in a marginally stability case 
(recognized as Case-3 because there is a zero in the first column) and one 
pair of roots lies on the imaginary axis in the s-plane.



The Routh table of the given system is computed and shown is the table below; 

• Since there is no changes of the sign in the first column of the Routh table, it 
means that all the roots of the characteristic equation have negative real parts 
and hence this system is stable.

Example-1: Find the stability of the continues system having the characteristic 
equation of 



Example-2: Find the stability of the continues system having the characteristic 
polynomial of a third order system is given below

• The Routh array is 

• Because TWO changes in sign appear in the first column, we find that two 
roots of the characteristic equation lie in the right hand side of the s-plane. 
Hence the system is unstable.



• The Routh table of the given system is computed and shown is the table below; 

• For system stability, it is necessary that the conditions  8 – k >0,  and 1 + k > 0, 

must be satisfied. Hence the rang of values of a system parameter k must be lies 
between -1 and 8 (i.e., -1 < k < 8). 

Example-3: Determine a rang of values of a system parameter K for which the 
system is stable.



Example-4: Find the stability of the system shown below using Routh criterion.

The close loop transfer function is shown in the figure

The Routh table of the system is shown in the table  

Because TWO changes in sign appear in the first column, we find that two roots of 
the characteristic equation lie in the right hand side of the s-plane. Hence the 
system is unstable.



Example-5: Find the stability of the system shown below using Routh criterion.

• System is unstable because there are two sign changes in the first column of the

Routh’s table. Hence the equation has two roots on the right half of the s-plane.

• The Routh table of the system is 



Case-II: A Zero Only in the First Column

There are TWO methods in case-II.

1. Stability via Epsilon Method. 

2. Stability via Reverse Coefficients (Phillips, 1991).



Case-II: Stability via Epsilon Method

• If the first element of a row is zero, division by zero would be

required to form the next row.

• To avoid this phenomenon, an epsilon, ε, (a small positive number)

is assigned to replace the zero in the first column.

• The value ε is then allowed to approach zero from either the positive

or the negative side, after which the signs of the entries in the first

column can be determined.



Case-II: Stability via Epsilon Method
Example-6: Determine the stability of the system having a characteristic equation given below;

The Routh array is shown in the table;

Where

There are TWO sign changes due to the large negative number in the first column, 
Therefore the system is unstable, and two roots of the equation lie in the right half of the s-plane.



Example-7: Determine the range of parameter K for which the system is unstable.

The Routh array of the above characteristic equation is shown below; 

Where

• Therefore, for any value of K greater than zero, the system is unstable.
• Also, because the last term in the first column is equal to K, a negative 

value of K will result in an unstable system. 
• Consequently, the system is unstable for all values of gain K.



Example-8: Determine the stability of the of the closed-loop transfer function;

Table-1: The complete Routh table is 
formed by using the denominator of 
the characteristic equation T(s).

• A zero appears only in the first column (the s3 row). 
• Next replace the zero by a small number, ε, and complete the table. 
• Assume a sign, positive or negative, for the quantity ε. 
• When quantity ε is either positive or negative, in both cases the sign in the first 

column of Routh table is changes twice. 
• Hence, the system is unstable and has two poles in the right half-plane.

Table-2:  shows the first column of Table-1 along with the 
resulting signs for choices of ε positive and ε negative.



Case-II: Stability via Reverse Coefficients (Phillips, 1991).

• A polynomial that has the reciprocal roots of the original polynomial has its roots

distributed the same—right half-plane, left half plane, or imaginary axis—because

taking the reciprocal of the root value does not move it to another region.

• If we can find the polynomial that has the reciprocal roots of the original, it is

possible that the Routh table for the new polynomial will not have a zero in the

first column.

• The polynomial with reciprocal roots is a polynomial with the coefficients written

in reverse order.

• This method is usually computationally easier than the epsilon method.



Example-9: Repeated example-8: Determine the stability
of the closed-loop transfer function;

• First write a polynomial that has the reciprocal roots of the denominator of T(s). 
• This polynomial is formed by writing the denominator of T(s) in reverse order. 

Hence,

• The Routh table is 

• Since there are TWO sign changes, the system is unstable and has TWO
right-half-plane poles.

• This is the same as the result obtained in the previous Example. 
• Notice that Table does not have a zero in the first column.



Case-III: Entire Row is Zero.

• Sometimes while making a Routh table, we find that an entire row consists

of zeros.

• This happen because there is an even polynomial that is a factor of the

original polynomial.

• This case must be handled differently from the case of a zero in only the first

column of a row.



Example-10: Determine the stability of the system.
The characteristic equation q(s) of the system is

Where K is an adjustable loop gain. The Routh array is then;

For a stable system, the value of K must be; 

When K = 8, the two roots exist on the jω axis and the system will be marginally stable. 

• Also, when K = 8, we obtain a row of zeros (case-III).

• The auxiliary polynomial, U(s), is the equation of the row preceding the row of Zeros.

• The U(s) in this case, obtained from the s2 row.

• The order of the auxiliary polynomial is always even and indicates the number of 

symmetrical root pairs.



Example-10: continue.

• The auxiliary polynomial, U(s), can be obtain as;

• To show that the auxiliary polynomial, U(s), is indeed a factor of the characteristic 

polynomial, q(s), we divide q(s) by U(s) to obtain

• When K = 8, the factors of the characteristic polynomial, q(s), are 



Case-IV: Repeated roots of the characteristic 
equation on the jω-axis.

• If the jω-axis roots are repeated, the system response will be unstable with a form 
tsin(ωt + Ф). The Routh-Hurwitz criteria will not reveal this form of instability.

Example-11: Determine the stability of the system with the characteristic equation of

The Routh array is; 



Example-11:Continue.

Therefore, the Auxiliary polynomial, U(s), is;

Which indicates that TWO roots are on the imaginary jω-axis.

To examine the remaining roots, we divide the characteristic equation, q(s), by the 
auxiliary polynomial, U(s), to obtain;

Establishing a Routh table for this equation, we have;

• The TWO changes in sign in the first column indicate the presence of TWO roots in 
the right-hand plane, and the system is unstable. 

• There are  THREE roots of eq. (a). The  ONE root in left-hand side is s = - 3. 
• The TWO roots in the right-hand plane are  

(a)



Nyquist Plot or Polar Plot
• Nyquist Plots were invented by Nyquist - who worked at Bell Laboratories, the

premiere technical organization in the U.S. at the time.

• Nyquist Plots are a way of showing frequency responses of linear systems.

• There are several ways of displaying frequency response data, including Bode' plots
and Nyquist plots.

• Bode' plots use frequency as the horizontal axis and use two separate plots to display
amplitude and phase of the frequency response.

• Nyquist plots display both amplitude and phase angle on a single plot, using
frequency as a parameter in the plot.

• Nyquist plots have properties that allow you to see whether a system is stable or
unstable.



Nyquist Plot

• A Nyquist plot is a polar plot of the frequency response function of a linear system.

• That means a Nyquist plot is a plot of the transfer function, G(s) with s = jω. That 
means you want to plot G(j ω).

• G(j ω) is a complex number for any angular frequency, ω, so the plot is a plot of 
complex numbers.

• The complex number, G(j ω), depends upon frequency, so frequency will be a 
parameter if you plot the imaginary part of G(j ω) against the real part of G(j ω).



Sketch the Polar plot of Frequency Response

To sketch the polar plot of G(jω) for the entire range of frequency ω, i.e., from 0

to infinity, there are four key points that usually need to be known:

1) The start of plot where ω = 0,

2) The end of plot where ω = ∞,

3) Where the plot crosses the real axis, i.e., Im(G(jω)) = 0, and

4) Where the plot crosses the imaginary axis, i.e., Re(G(jω)) = 0.



Problem-1: Polar Plot of Integrator

Consider a first order system,

Representing G(s) in the frequency response form G( jω ) by replacing s = jω:

The magnitude of G( jω ), i.e., | G( jω) |, is obtained as;

The phase of G( jω ), denoted by, φ , is obtained as;

Bode Plot Polar Plot

Magnitude

Phase



Problem-2: Polar Plot of First Order System

Consider a first order system where T is the time constant.

Representing G(s) in the frequency response form G( jω ) by replacing s = jω:

The magnitude of G( jω ), i.e., | G( jω) |, is obtained as;

The phase of G( jω ), denoted by, φ , is obtained as;



The start of plot where ω = 0

The end of plot where ω = ∞

The mid part of plot where ω = 1/T



Polar PlotBode Plot

Magnitude

Phase



Problem-3: Polar Plot of Second Order System

Consider a second order system where T is the time constant.

Representing G(s) in the frequency response form G( jω ) by replacing s = jω:

The magnitude of G( jω ), i.e., | G( jω) |, is obtained as;

The phase of G( jω ), denoted by, φ , is obtained as;



Polar Plot

The start of plot where ω = 0

The end of plot where ω = ∞



Problem-4: Sketch the Nyquist diagram for the system shown in the following 
figure, and then determine the system stability using the Nyquist criterion.

(a)



Point 1: The start of plot where ω = 0

Now that we have expressions for the magnitude and phase of the frequency response, 
we can sketch the polar plot using the 4 key points.



Point 3: Where the plot crosses the real axis, i.e., Im(G(jω)) = 0

Point 2: The end of plot where ω = ∞

Take the imaginary part of equation (a), and put equal to zero, to get the value of
frequency ω at the interception of real axis.



Point 4: Where the plot crosses the imaginary axis, Re(G(jω)) = 0

Take the real part of equation (a), and put equal to zero, to get the value of
frequency ω at the interception of imaginary axis.



Problem-5: Sketch the polar plot for the following transfer function.

Representing G(s) in the frequency response form G( jω ) by replacing s = jω, and
then Multiply both numerator and denominator by the conjugate of denominator.

(a)



Point 1: The start of plot where ω = 0

At frequency ω = 0, we only observe the most significant terms that take the effect.

Magnitude at ω = 0:

Phase at ω = 0:

Point 2: The end of plot where ω = ∞

At frequency ω = ∞, we shall look at the most significant term that takes effect when
the frequency approaches infinity.

Magnitude at ω = ∞:

Phase at ω = ∞:



Point 3: Where the plot crosses the real axis, i.e., Im(G(jω)) = 0

Take the imaginary part of equation (a), and put equal to zero, to get the value of
frequency ω at the interception of real axis.



Point 4: Where the plot crosses the imaginary axis, Re(G(jω)) = 0

Polar Plot

|G(jω)| ∠G(jω)

ω = 0 ∞ -90o

ω = ∞ 0 -270o

0

Take the real part of equation (a), and put equal to zero, to get the value of
frequency ω at the interception of imaginary axis.



Problem-6: Sketch the polar plot for the following transfer function.

Representing G(s)H(s) in the frequency response form G( jω )H(jω) by replacing s = jω:

The magnitude of GH(jω) i.e., |GH(jω)|, is obtained as;



Point 1: The start of plot where ω = 0

Point 2: The end of plot where ω = ∞

Polar Plot

|GH(jω)| ∠GH(jω)

ω = 0 ∞ 0o

ω = ∞ 0 -90o









Four Important Points for 
Derivation the Nyquist Criterion 

1. The relationship between the poles of 1 + G(s)H(s) and the poles of G(s)H(s);

1. The relationship between the zeros of 1 + G(s)H(s) and the poles of the closed-
loop transfer function, T(s); 

2. The concept of mapping points; 

3. The concept of mapping contours.



It is conclude that;

1) The poles of 1 + G(s)H(s) are the same as the poles of G(s)H(s), the open-loop system.

2) The zeros of 1 + G(s)H(s) are the same as the poles of T(s), the closed-loop system.



The Concept of Mapping

• If we take a complex number s = x+jy on the s-plane and substitute it into a 
function, F(s), another complex number results. This process is called 
mapping.                 

OR
• The term mapping is defined as the substitution of a complex number into a 

function, F(s), to get another complex number. 

• For example, substituting s = 4 + j3 into the function F(s) = (s2 +2s + 1) yields 
16+j30. We say that 4 + j3 maps into 16+j30 through the function s2 +2s + 1.



The Concept of Mapping Contours
The collection of points, called a contour.



Examples of Contour Mapping

If we assume a clockwise direction for mapping the points on contour A, the contour B
maps a clockwise direction if F(s) has just zeros or has just poles that are not encircled
by the contour.



Examples of Contour Mapping

The contour B maps in a counter clockwise direction if F(s) has just poles that are
encircled by the contour, Also, you should verify that, if the pole or zero of F(s) is
enclosed by contour A, the mapping encircles the origin .



Examples of Contour Mapping

In this last case, the pole and zero rotation cancel, and the mapping does not encircle
the origin.



THE NYQUIST STABILITY CRITERION

• A linear closed-loop continuous control system is absolutely stable if the
roots of the characteristic equation have negative real parts.

• Equivalently, the poles of the closed-loop transfer function, or the zeros of the
denominator, 1 + GH(s), of the closed-loop transfer function, must lie in the
left-half plane.

• The Nyquist Stability Criterion establishes the number of zeros of 1 + GH(s) in
the right-half plane directly from the Nyquist Stability Plot of GH(s).



Nyquist Stability Criterion
The closed-loop control system whose open-loop transfer function is GH is stable if and 
only if

Where,

N = total number of CW encirclements of the (-1,0) point (i.e., GH = - 1 ) in the GH-
plane.
Po = number of poles of GH in the right-hand-plane RHP for continuous systems.

If N > 0, the number of zeros Zo of 1 + GH in the RHP for continuous systems, is 
determined by

If N ≤ 0 and Po = 0, then the system is absolutely stable if and only if N = 0; that is, if 
and only if the (-1,0) point does not lie in the shaded region.



Problem-7: Sketch the polar plot for the following transfer function 
and check the stability of the system.

There is one pole at the origin.

Representing G(s)H(s) in the frequency response form G( jω )H(jω) by replacing s = jω:

The magnitude of GH(jω) i.e., |GH(jω)|, is obtained as;



Point 1: The start of plot where ω = 0

Point 2: The end of plot where ω = ∞

Polar Plot

|GH(jω)| ∠GH(jω)

ω = 0 ∞ -90o

ω = ∞ 0 -180o



Nyquist or Polar Plot Nyquist Diagram



• The region to the right of the contour has been shaded.

• Clearly, the (-1,0) point is not in the shaded region; therefore it is not enclosed
by the contour and so N ≤ 0.

• The poles of GH(s) are at s = 0 and s = -1, neither of which are in the right-
hand-plane RHP; hence Po = 0. Thus N = -Po = 0, and the system is absolutely
stable.



Problem-8: The Nyquist Stability Plot for GH(s) = 1/s(s-1) is given in the figure below. 

• The region to the right of the contour has been shaded and the (-1,0) point is enclosed; 
then N > 0. (It is clear that N = 1).

•

• The poles of GH are at s = 0 and s = +1, the latter pole being in the RHP. Hence Po = 1.

• N ≠ Po indicates that the system is unstable.

• Z = N + Po = 1 + 1 = 2, therefore the poles of the closed-loop transfer function, or the 
zeros of the characteristic equation 1+GH in the right-hand plane RHP.



Lead compensators 





























LAG COMPENSATOR




























