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Numbering Systems



Types Of Numbers

 Natural Numbers

 The number 0  and any number obtained by 

repeatedly adding a count of 1 to 0

 Negative Numbers

 A value less than 0

 Integer

 A natural number, the negative of a natural number, 

and 0.

 So an integer number system is a system for 

‘counting’ things in a simple systematic way



Decimal Numbering System

 How is a positive integer represented in decimal?

 Let’s analyze the decimal number 375:

375 = (3 x 100) + (7 x 10)  + (5 x 1)

= (3 x 102) + (7 x 101) + (5 x 100)

3 7 5

100101102Position weights

Number digits

5 x100    =     5

7 x101 =   70

3 x 102 = 300

+ 

+

375



Decimal System Principles

 A decimal number is a sequence of digits

 Decimal digits must be in the set:

{0, 1, 2, 3, 4, 5, 6, 7, 8, 9} (Base 10)

 Each digit contributes to the value the number 

represents

 The value contributed by a digit equals the product of 

the digit times the weight of the position of the digit in 

the number



Decimal System Principles

 Position weights are powers of 10

 The weight of the rightmost (least significant digit) 

is 100  (i.e.1)

 The weight of any position is 10x, where x is the 

number of positions to the right of the least 

significant digit  

100101102
Position weights

digits

103104

573



Bits

 In a computer, information is stored using digital 

signals that translate to binary numbers

 A single binary digit (0 or 1) is called a bit

 A single bit can represent two possible states, 

on (1) or off (0)

 Combinations of bits are used to store values



Data Representation

 Data representation means encoding data into bits

 Typically, multiple bits are used to represent the 

‘code’ of each value being represented

 Values being represented may be characters, numbers, 

images, audio signals, and video signals. 

 Although a different scheme is used to encode each type 

of data, in the end the code is always a string of zeros

and ones



Decimal to Binary

 So in a computer, the only possible digits we can use to 

encode data are {0,1}

 The numbering system that uses this set of digits is 

the base 2 system (also called the Binary Numbering 

System)

 We can apply all the principles of the base 10 system to 

the base 2 system

202122
Position weights

digits

2324

1101



Binary Numbering System

 How is a positive integer represented in binary?

 Let’s analyze the binary number 110:

110 = (1 x 22) + (1 x 21) + (0 x 20) 

= (1 x 4) + (1 x 2)  + (0 x 1)

1 1 0

202122Position weights

Number digits

0 x20    =     0

1 x21 =      2

1 x 22 =     4

+ 

+

6

 So a count of SIX is represented in binary as 110



Binary to Decimal Conversion

 To convert a base 2 (binary) number to base 

10 (decimal):

 Add all the values (positional weights) 

where a one digit occurs

 Positions where a zero digit occurs do 

NOT add to the value, and can be 

ignored



Binary to Decimal Conversion

Example:   Convert binary 100101 to decimal

(written 1 0 0 1 0 12 ) =  

1*20 +

0*21 +

1*22 +

0*23 +

0*24 +

1*25

3710

1 +

4 +

32



Binary to Decimal Conversion

positional powers of 2:        24 23 22 21 20

decimal positional value:     16    8    4    2    1

 Example #2: 101112

binary number: 1 0 1 1 1

16 + 4 + 2 + 1 = 2310



Binary to Decimal Conversion

positional powers of 2:     25 24 23 22 21 20

decimal positional value:  32   16 8    4     2   1

binary number:                1     1     0    0     1   0

32  +  16  +  2 = 5010

 Example #3: 1100102



Decimal to Binary Conversion

The Division Method:  

1)  Start with your number (call it N) in base 10

2)  Divide N by 2 and record the remainder

3)  If (quotient = 0) then stop

else make the quotient your new N, and go back to step 2

The remainders comprise your answer, starting with the last 

remainder as your first (leftmost) digit.

In other words, divide the decimal number by 2 until you reach 

zero, and then collect the remainders in reverse.



Decimal to Binary Conversion

Example 1: 2210 =

2 ) 22 Rem:

2 ) 11 0

2 ) 5 1

2 ) 2 1

2 ) 1 0

0 1

101102

Using the Division Method:  
Divide decimal number by 2 until you reach zero, and then 

collect the remainders in reverse.



Decimal to Binary Conversion

Using the Division Method

Example 2: 5610 =

2 ) 56 Rem:

2 ) 28 0

2 ) 14 0

2 ) 7 0

2 ) 3 1

2 ) 1 1

0 1

1110002



Decimal to Binary Conversion

The Subtraction Method:

 Subtract out largest power of 2 possible 
(without going below zero), repeating until you 
reach 0.

 Place a 1 in each position where you 
COULD subtract the value

 Place a 0 in each position that you could 
NOT subtract out the value without going 
below zero.



0     1

- 1

0

- 4

1

Decimal to Binary Conversion

Example 1: 2110

21 26 25    24    23    22     21     20

64  32  16   8    4    2     1

Answer:  2110 = 101012

- 16

5 1 0    1



Decimal to Binary Conversion

Example 2: 5610

56 26 | 25    24    23    22     21     20

- 32 64| 32  16   8    4     2     1

24 | 1     1   1    0     0     0

- 16

8

- 8 Answer:  5610 = 1110002

0



Octal Numbering System

 Base: 8
 Digits: 0, 1, 2, 3, 4, 5, 6, 7

 Octal number: 3578

= (3 x 82 ) + (5 x 81) + (7 x 80) 

 To convert to base 10, beginning with the 
rightmost digit, multiply each nth digit by 8(n-1), 
and add all of the results together.



Octal to Decimal Conversion

 Example 1: 3578

positional powers of 8: 82 81 80

decimal positional value: 64     8    1

Octal number: 3 5 7

(3 x 64) + (5 x 8) + (7 x 1)

= 192 + 40 + 7 = 23910



Octal to Decimal Conversion

 Example 2: 12468

positional powers of 8:        83 82 81 80

decimal positional value:   512    64    8     1

Octal number: 1 2 4 6

(1 x 512) + (2 x 64) + (4 x 8) + (6 x 1)

= 512 + 128 + 32 + 6 = 67810



Decimal to Octal Conversion

The Division Method:  

1)  Start with your number (call it N) in base 10

2)  Divide N by 8 and record the remainder

3)  If (quotient = 0) then stop

else make the quotient your new N, and go back to step 2

The remainders comprise your answer, starting with the last 

remainder as your first (leftmost) digit.

In other words, divide the decimal number by 8 until you reach 

zero, and then collect the remainders in reverse.



Decimal to Octal Conversion

Using the Division Method:  

Example 1: 21410 =

8 ) 214 Rem:

8 ) 26 6

8 ) 3 2

0 3

3268



Decimal to Octal Conversion

Example 2: 433010 =

8 ) 4330 Rem:

8 ) 541 2

8 ) 67 5

8 ) 8 3

8 ) 1 0

0 1

103528



Decimal to Octal Conversion

The Subtraction Method:

 Subtract out multiples of the largest power of 8 
possible (without going below zero) each time 
until you reach 0.

 Place the multiple value in each position 
where you COULD subtract the value.

 Place a 0 in each position that you could 
NOT subtract out the value without going 
below zero.



Decimal to Octal Conversion

Example 1: 31510

82     81     80

64   8    1

315

- 256 (4 x 64)

59 

- 56 (7 x 8)

3

- 3 (3 x 1)

0
Answer: 31510 = 4738

74 3



Decimal to Octal Conversion

Example 2: 201810

2018 84 83        82     81     80

-1536 (3 x 512) 4096   512   64    8    1

482 3       7    4    2

- 448 (7 x 64)

34

- 32 (4 x 8) 

2

- 2 (2 x 1) Answer:  201810 = 37428

0



Hexadecimal (Hex)
Numbering System

 Base: 16
 Digits: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, F

 Hexadecimal number: 1F416

= (1 x 162 ) + (F x 161) + (4 x 160) 



Hexadecimal (Hex)
Extra Digits

Decimal Value Hexadecimal Digit

10 A

11 B

12 C

13 D

14 E

15 F



Hex to Decimal Conversion

 To convert to base 10:

 Begin with the rightmost digit 

 Multiply each nth digit by 16(n-1)

 Add all of the results together



Hex to Decimal Conversion

 Example 1: 1F416

positional powers of 16:       163 162 161 160

decimal positional value:   4096    256     16     1

Hexadecimal number: 1 F 4

(1 x 256) + (F x 16) + (4 x 1)

= (1 x 256) + (15 x 16) + (4 x 1)

= 256 + 240 + 4 = 50010



Hex to Decimal Conversion

 Example 2: 25AC16

positional powers of 16:       163 162 161 160

decimal positional value:   4096    256     16     1

Hexadecimal number: 2 5 A C

(2 x 4096) + (5 x 256) + (A x 16) + (C x 1)

= (2 x 4096) + (5 x 256) + (10 x 16) + (12 x 1)

= 8192 + 1280 + 160 + 12 = 964410



Decimal to Hex Conversion

The Division Method:  

1)  Start with your number (call it N) in base 10

2)  Divide N by 16 and record the remainder

3)  If (quotient = 0) then stop

else make the quotient your new N, and go back to step 2

The remainders comprise your answer, starting with the last 

remainder as your first (leftmost) digit.

In other words, divide the decimal number by 16 until you 

reach zero, and then collect the remainders in reverse.



Decimal to Hex Conversion

Using The Division Method: 

Example 1: 12610 =

16) 126 Rem:

16) 7 14=E

0 7

7E16



Decimal to Hex Conversion

Example 2: 60310 =

16) 603 Rem:

16) 37 11=B

16) 2 5

0 2

25B16



Decimal to Hex Conversion

The Subtraction Method:

 Subtract out multiples of the largest power of 
16 possible (without going below zero) each 
time until you reach 0.

 Place the multiple value in each position 
where you COULD to subtract the value.

 Place a 0 in each position that you could 
NOT subtract out the value without going 
below zero.



Decimal to Hex Conversion

Example 1: 81010

162     161     160

256   16     1

810

- 768 (3 x 256)

42 

- 32 (2 x 16)

10

- 10 (10 x 1)

0
Answer: 81010 = 32A16

23 A



Decimal to Hex Conversion

Example 2: 15610

162     161     160

256   16     1

156

- 144 (9 x 16)

12 

- 12 (12 x 1)

0

Answer: 15610 = 9C16

9 C



Binary to Octal Conversion

The maximum value represented in 3 bit is:
23 – 1 = 7 

So using 3 bits we can represent values from
0 to 7

which are the digits of the Octal numbering 
system.

Thus, three binary digits can be converted to 
one octal digit.  



Binary to Octal Conversion

Three-bit Group Decimal Digit Octal Digit

000 0 0 

001 1 1

010 2 2

011 3 3

100 4 4

101 5 5

110 6 6

111 7 7



Octal to Binary Conversion

111 100 010

7428 = 1111000102

Ex : Convert 7428 to binary

Convert each octal digit to 3 bits:

7 = 111

4 = 100

2 = 010



Binary to Octal Conversion

Ex : Convert 101001102 to octal

Starting at the right end, split into groups of 3:

10 100 110 

110 = 6

100 = 4

010 = 2 (pad empty digits with 0)

101001102 = 2468



Binary to Hex Conversion

The maximum value represented in 4 bit is:
24 – 1 = 15 

So using 4 bits we can represent values from
0 to 15

which are the digits of the Hexadecimal 
numbering system.

Thus, four binary digits can be converted to one
hexadecimal digit. 



Binary to Hex Conversion
Four-bit Group Decimal Digit Hexadecimal Digit

0000 0 0 

0001 1 1

0010 2 2

0011 3 3

0100 4 4

0101 5 5

0110 6 6

0111 7 7

1000 8 8

1001 9 9

1010 10 A

1011 11 B

1100 12 C

1101 13 D

1110 14 E

1111 15 F



Binary to Hex Conversion

Ex : Convert 1101001102 to hex

Starting at the right end, split into groups of 4:

1 1010 0110 

0110 = 6

1010 = A

0001 = 1 (pad empty digits with 0)

1101001102 = 1A616



Hex to Binary Conversion

Ex : Convert 3D916 to binary

Convert each hex digit to 4 bits:

3 = 0011

D = 1101

9 = 1001

0011 1101 1001 

3D916 = 11110110012 (can remove leading zeros)



Conversion between Binary 
and Hex - Try It Yourself

 Convert the following numbers:

 10101111012 to Hex

 82F16 to Binary

 (Answers on NEXT slide)



Answers

 10101111012  10 1011 1101

= 2BD16

 82F16 = 0100 0010 1111 
 100001011112



Octal to Hex Conversion

 To convert between the Octal and 
Hexadecimal numbering systems

 Convert from one system to binary first

 Then convert from binary to the new 
numbering system



Hex to Octal Conversion

Ex :   Convert   E8A16 to octal

First convert the hex to binary:
1110  1000  10102

111 010 001 010 and re-group by 3 bits
(starting on the right)

Then convert the binary to octal:
7 2 1 2 

So  E8A16 = 72128



Octal to Hex Conversion

Ex : Convert 7528 to hex

First convert the octal to binary:

111 101 0102

re-group by 4 bits

0001 1110 1010 (add leading zeros)

Then convert the binary to hex:
1 E A

So 7528 = 1EA16



Logic Families



A bit of history

 The first transistors were fabricated in 
1947 at Bell Laboratories (Bell Labs) by 
Brattain with Bardeen providing the 
theoretical background and Shockley 
managed the activity.
 The trio received a Nobel Prize in Physics for 

their work in 1956.
 The transistor was called a 

point-contact transistor and was
a type of bipolar junction transistor
(BJT).



A bit more history

 The theory on field effect transistors (FETs) 
was developed much earlier than our 
understanding of BJTs
 First patent on FETs dates from 1925

 Julius Edgar Lilienfeld, an Austro-Hungarian physicist

 However, the quality of the semiconductor and 
the oxide materials were barriers to developing 
good working devices. 
 The first FET was not invented until 1959

 Dawon Kahng and Martin M. (John) Atalla of Bell Labs



Integrated Circuits

 Integrated circuits (ICs) are chips, 
pieces of semiconductor material, that 
contain all of the transistors, resistors, 
and capacitors necessary to create a 
digital circuit or system.

 The first ICs were fabricated using Ge BJTs 
in 1958.

 Jack Kirby of Texas Instruments, Nobel Prize in 
2000

Robert Noyes of Fairchild Semiconductors 



Type of Integration

 SSI – Small scale integration:  1-20 transistors
 MSI – Medium scale integration:  100’s
 LSI – Large scale integration:  10,000+

 VLSI – Very large scale integration
 ULSI – Ultra large scale integration
 WSI – Wafer scale integration
 SOC – System on a chip
 3D-ICs – Multiple layers of transistors  fabricated 

horizontally and/or vertically on a chip
o Circuits containing more than a billion transistors on a 

chip are commercially available.



Logic Families

 Logic families are sets of chips that may 
implement different logical functions, 
but use the same type of transistors 
and voltage levels for logical levels and 
for the power supplies.



Logic Families 
 TTL:  Transistor-Transistor Logic

 BJTs are used.  Introduced commercially in 1963 and still in 
production, though phasing out.  High energy consumption, but 
relatively insensitive to electrostatic discharge (ESD)

 ECL:  Emitter-Coupled Logic
 BJTs are used.  Invented in 1956.  High energy consumption, 

but can be designed for extremely high speeds.

 CMOS:  Complementary Metal-Oxide-Semiconductor
 FETs are used.  Invented in 1963.  First large volume application 

is in 1974.  Considerably lower energy consumption than TTL 
and ECL, which has made portable electronics possible.

 BIMOS or BICMOS
 Combination of BJTs and FETs in the same circuit.



Naming Convention

 Logic gates that start with a “54” meet a 
much more stringent specification on 
temperature operation than logic gates 
that start with “74”.
 Most consumer electronics are build with “74” 

type of logic gates.
 “74 __ XX” where:

the __ are one to three letters from the English alphabet 
that indicate the type of transistors that are used to 
fabricate the logic gate

the XX are a set of two-to-four Arabic numbers that 
indicate the type of logic gate (e.g., AND gate)





Interface Circuits

 If you use multiple logic families in a 
system design: 
 You will likely need to use a voltage translator 

to insure that a logical “0” and logical “1” are 
recognized as the signal moves from one logic 
family to another.  

 You may also need a current source to provide 
enough current into or out of the BJT-based 
logic.
 Something to keep in mind when designing your 

microprocessor project.



Error Detection and 
Correction

 Types of Errors

 Detection

 Correction



Basic concepts

 Networks must be able to transfer data 
from one device to another with complete 
accuracy.

 Data can be corrupted during 
transmission.

 For reliable communication, errors must be 
detected and corrected.

 Error detection and correction
are implemented either at the data link 
layer or the transport layer of the OSI 
model.



Types of Errors



Single-bit error



Single bit errors are the least likely
type of errors in serial data transmission 
because the noise must have a very 
short duration which is very rare. 
However this kind of errors can happen 
in parallel transmission.

Example:

 If data is sent at 1Mbps then each bit 
lasts only 1/1,000,000 sec. or 1 μs.

 For a single-bit error to occur, the noise 
must have a duration of only 1 μs, 
which is very rare.



Burst error





The term burst error means that two 
or more bits in the data unit have 
changed from 1 to 0 or from 0 to 1.

Burst errors does not necessarily

mean that the errors occur in 
consecutive bits, the length of the 
burst is measured from the first 
corrupted bit to the last corrupted bit. 
Some bits in between may not have 
been corrupted.



 Burst error is most likely to happen in 
serial transmission since the duration of 
noise is normally longer than the duration of 
a bit.

 The number of bits affected depends on the 
data rate and duration of noise.

Example:

 If data is sent at rate = 1Kbps then a noise of 
1/100 sec can affect 10 bits.(1/100*1000)

 If same data is sent at rate = 1Mbps then a noise 
of 1/100 sec can affect 10,000 bits.(1/100*106)



Error detection

Error detection means to decide whether the 
received data is correct or not without having 
a copy of the original message.

Error detection uses the concept of 
redundancy, which means adding extra 
bits for detecting errors at the destination.



Redundancy



Four types of redundancy checks are used
in data communications



Vertical Redundancy Check
VRC



Performance

 It can detect single bit error

 It can detect burst errors only if the 
total number of errors is odd.



Longitudinal Redundancy Check
LRC



Performance

LCR increases the likelihood of 
detecting burst errors.

If two bits in one data units are 
damaged and two bits in exactly the 
same positions in another data unit are 
also damaged, the LRC checker will not 
detect an error.



VRC and LRC



Error Correction

It can be handled in two ways:

1) receiver can have the sender 
retransmit the entire data unit.

2) The receiver can use an error-
correcting code, which automatically 
corrects certain errors.



Single-bit error correction
To correct an error, the receiver reverses the 
value of the altered bit. To do so, it must 
know which bit is in error.

Number of redundancy bits needed

 Let data bits = m

 Redundancy bits = r

Total message sent = m+r

The value of r must satisfy the following 
relation:

2r ≥ m+r+1



Error Correction



Hamming Code



Hamming Code



Hamming Code



Example of Hamming Code



Single-bit error



Error 
Detection
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Binary Codes for Decimal Numbers

 Code: A set of n-bit strings in which different bit 
strings represent different numbers or other things.

 Code word: a particular combination of n-bit values

 N-bit strings at most contain 2n valid code words.

 To represent 10 decimal digits, at least need 4 bits. 

 Excessive ways to choose ten 4-bit words. Some 
common codes:

 BCD: Binary-coded decimal, also known as 8421 code

 Excess-3

 2421…
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BCD code

 0000:0 ….1001: 9

 Packaged-BCD representation:
 8 bits (one byte) represent 0---99

 BCD addition
 Similar to add 4-bit unsigned binary numbers.

 Make correction if a result exceeds 1001 (9).    By 
adding 0110 (6).

 Carry into the next digit position may come from 
either the initial binary addition or the correction-
factor addition.



92
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Weighted code

 Each decimal digit can be obtained from 
its code word by assigning a fixed 
weight to each code-word bit.

 BCD (8,4,2,1)

 2421 (self-complementing: code word for 
the 9’s complement of any digit may be 
obtained by complementing the individual 
bits of the digit’s code word)
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Excess-3 code

 Self-complementing code

 Not weighted

 Corresponding BCD code + 00112

 Binary counters
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Gray Code

 Only one bit changes between each pair 
of successive words.

 For example:3-bit Gray Code



96
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How to construct Gray Code

 Recursively
 A 1-bit Gray Code has 2 code words, 0, 1

 The first 2n code words of an (n+1)-bit 
Gray code equal the code words of an n-bit 
Gray Code, written in order with a leading 
0 appended.

 The last 2n code words equal the code 
words of an n-bit Gray Code, but written in 
reverse order with a leading 1 appended.
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Another method to construct Gray Code

 The bits of an n-bit binary or Gray-code 
word are numbered from right to left, 
from 0 to n-1

 Bit i of a Gray code word is

 0 if bits i and i+1 of the corresponding binary 
code words are the same

 1: otherwise
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Other codes

 Character codes (nonnumeric)

 ASCII (7-bit string)

 Codes for action/condition/states

 Codes for Detecting and Correcting Errors

 Codes for Serial Data Transmission



100

Codes for Actions/Conditions/States

 If there are n different actions, conditions, or 
states, we can represent them with a b-bit 
binary code with 

 Ceiling function: the smallest integer greater 
than or equal to the bracketed quantity.

 nb 2log
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ASCII



102


